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GLOBAL ANALYSES WITH NEUTRINO NSI
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arXiv: 2002.03066

▸  

▸  

▸  

▸ 3 x 6 x 2 = 36 real-valued NSI 

▸ We combined CE NS, E ES, and 
Oscillation experiments in a global 
analysis to help resolve the many known 
degeneracies between these NSI

ℒ ⊃ − 2 2GF ∑
f,α,β

[ϵ f,L
αβ (ν̄αγμPLνβ)( f̄γμPL f ) + ϵ f,R

αβ (ν̄αγμPLνβ)( f̄γμPR f )]

f = e, u, d

α, β = {e, μ, τ}

ν ν

https://arxiv.org/pdf/2002.03066.pdf
https://arxiv.org/pdf/2002.03066.pdf


A HYPOTHETICAL SCENARIO
▸ We wish to perform a global analysis, combining… 

▸ Experiment A Data 

▸ 2 new physics parameters  

▸ 4 systematics/statistical nuisance parameters  

▸ Experiment B Data 

▸ 4 new physics parameters  

▸ 5 systematics/statistial nuisance parameters  

▸ One possible solution: construct a global likelihood function 

▸  

▸ This can be computationally expensive

ϵ1, ϵ2

κ1, κ2, κ3, κ4

ϵ1, ϵ2, ϵ3, ϵ4

η1, η2, η3, η4, η5

ℒ = ℒ( ⃗ϵ ; ⃗κ , ⃗η )
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AN ABSTRACT EXAMPLE

BAYESIAN STRATEGY: “PRIOR-FLOW”
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Marginalize over : 

Posterior 

⃗κ

p(ϵ1, ϵ2)

Experiment A Data

Evaluate 
 with 

flat priors
log ℓ(ϵ1, ϵ2; ⃗κ |𝒟A)

Evaluate 
 

with prior 
log ℓ(ϵ1, ϵ2, ϵ3, ϵ4; ⃗η |𝒟B)

π(ϵ1, ϵ2) = p(ϵ1, ϵ2)

Experiment B Data 

Experiment A Posteriors

Marginalize over : 

Posterior 

⃗η

p(ϵ1, ϵ2, ϵ3, ϵ4)



HOW DO WE MODEL A JOINT POSTERIOR DISTRIBUTION?
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▸ In order to use the full joint 
posterior  as a prior 
in a Bayesian sampler, we 
need to know how to model 
the distribution 

▸ Posteriors on model 
parameters can be non-
trivial, cannot be fit by 
functions of closed form 

▸ We need other technology: 
the Copula

p(ϵ1, ϵ2)



COPULAS

THE COPULA AND SKLAR’S THEOREM
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COPULAS

COPULAS PROVIDE A DEPENDENCY STRUCTURE

▸ Copulas have flat 
marginals 

▸ All their information is 
contained in the joint 

▸ We use Sklar’s theorem 
to pass in the Marginals 
of a distribution to a 
Copula fit to the joint of 
the distribution
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FAMILIES OF COPULAS
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On the aggregation of credit, market and operational risks - Li, et al (2015)

COPULAS
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Sampled posterior Empirical copula fit

Gaussian copula fit Gumbel copula fit

▸ We fit an Empirical copula to the posterior samples, 
avoiding biases of the specific copula families
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6 e,L + 6 e,R = 12 NSI 6 u,V + 6 d,V = 12 NSI

6 e,L + 6 e,R = 12 NSI 6 u,V + 6 d,V = 12 NSI

6 e,V + 6 u,V + 6 d,V = 18 NSI

ϵe,V
αβ ≡ ϵe,L

αβ + ϵe,R
αβ
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DUNE with priors from LXe

LXe atmospheric + solar with priors 
from COHERENT and Borexino

COHERENT CsI and Borexino

ϵq,V
αβ ≡ ϵu,V

αβ + ϵd,V
αβ

ϵe,V
αβ ≡ ϵe,L

αβ + ϵe,R
αβ



12°1 0
0

2

4

6

°1 0

°0.5

0.0

0.5

≤e
,V µ
µ

0 1
0

1

2

°1 0

°0.5

0.0

0.5

≤e
,V ø
ø

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0

1

2

°1 0

°0.5

0.0

0.5

≤e
,V eµ

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5
0

2

°1 0

°0.5

0.0

0.5

≤e
,V eø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0

1

2

3

°1 0

°0.5

0.0

0.5

≤e
,V µ
ø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0

1

2

3

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

ee

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

µ
µ

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

ø
ø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

eµ

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

eø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

1.5

°0.5 0.0

°0.5

0.0

0.5

≤u
,V

µ
ø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

1.5

°0.5 0.0

°0.5

0.0

0.5

≤d
,V ee

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤d
,V µ
µ

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤d
,V ø
ø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤d
,V eµ

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

°0.5

0.0

0.5

≤d
,V eø

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.25 0.00 0.25

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°0.5 0.0 0.5

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

°0.5 0.0

≤e,V
ee

°0.5

0.0

0.5

≤d
,V µ
ø

°0.5 0.0 0.5

≤e,V
µµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤e,V
øø

°0.5

0.0

0.5

°0.25 0.00 0.25

≤e,V
eµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤e,V
eø

°0.5

0.0

0.5

0.0 0.5

≤e,V
µø

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
ee

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
µµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
øø

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
eµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
eø

°0.5

0.0

0.5

°0.5 0.0 0.5

≤u,V
µø

°0.5

0.0

0.5

°0.5 0.0 0.5

≤d,V
ee

°0.5

0.0

0.5

°0.5 0.0 0.5

≤d,V
µµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤d,V
øø

°0.5

0.0

0.5

°0.5 0.0 0.5

≤d,V
eµ

°0.5

0.0

0.5

°0.5 0.0 0.5

≤d,V
eø

°0.5

0.0

0.5

°1 0 1
0.0

0.5

1.0

1.5

DUNE with priors from LXe

LXe atmospheric + solar with priors 
from COHERENT and Borexino

COHERENT CsI and Borexino

ϵe,V
αβ

ϵu,V
αβ , ϵd,V

αβ



TEXT

SUMMARY

▸ By using a prior-flow, we break up the computation cost of 
a global analysis into more manageable parts, utilizing 
copulas 

▸ See 2002.03066 for more detail and NSI physics fit results 

▸ JHEP version coming soon 

▸ Copula code will soon be publicly available on GitHub
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BACKUP
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BAYESIAN WORKFLOW 15

Simulate model 
prediction due to 

ε

Draw from Prior 
Distribution on ε

Calculate 
Probability that ε 
explains the data 

MultiNest 
(https://arxiv.org/abs/
0809.3437)

Computed with pyCEvNS

https://arxiv.org/abs/0809.3437
https://arxiv.org/abs/0809.3437
https://arxiv.org/abs/0809.3437
https://arxiv.org/abs/0809.3437
https://arxiv.org/abs/0809.3437
https://arxiv.org/abs/0809.3437
https://github.com/Ikaroshu/pyCEvNS
https://github.com/Ikaroshu/pyCEvNS


EXAMPLE: SIMULATING A GAUSSIAN COPULA

16COPULAS

1. Generate (Z1,…,Zd) ~ (N(0,1), …, N(0,1)) 

2. X = AT Z 

3. Y = (Φ(X1),…,Φ(Xd)) 

4. Return (u1 = F1-1(Y1),…,ud = Fd-1(Yd))

Let P be a correlation matrix and compute the Cholesky decomposition P = ATA

Normal variates

Correlate the variates!

Return them to [0,1]

Match them up with our marginals



EXAMPLE: GAUSSIAN COPULA

17COPULAS

*   *  *   * 

F1-1, F2-1

X = AT Z

Z~N(0,1)

Y

F1

F2



RESULTING POSTERIORS 18

COHERENT (Prior 1)

LXe (Prior 2)

DUNE (Final Posterior)

PRELIMINARY

Final stage of the prior flow: 
d=18, MultiNest completes in ~7000 cpu-hours 
Compare to single-likelihood global analysis: Fails 
to converge in under 21000 cpu-hours
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MULTINEST SAMPLES EMPIRICAL COPULA SIMULATION

One can use several 
Copula libraries in… 

‣ R 

‣ Python 

‣Matlab

Empirical Fit
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BIVARIATE FRANK COPULAS

SAMPLED 12-DIMENSIONAL PRIOR DISTRIBUTION
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Copula References: 

• An intuitive, visual guide to copulas: https://twiecki.io/blog/2018/05/03/copulas/ 

• An Introduction to Copulas, Martin Haugh http://www.columbia.edu/~mh2078/QRM/Copulas.pdf 

• MULTINEST: an efficient and robust Bayesian inference tool for cosmology and particle physics 
https://arxiv.org/pdf/0809.3437.pdf 

• Li, 1999: On Default Correlation: A Copula Function Approach 

• Somnath Chatterjee, Modelling credit risk - Bank of England 2015

https://twiecki.io/blog/2018/05/03/copulas/
http://www.columbia.edu/~mh2078/QRM/Copulas.pdf
https://arxiv.org/pdf/0809.3437.pdf
http://www.ressources-actuarielles.net/EXT/ISFA/1226.nsf/9c8e3fd4d8874d60c1257052003eced6/34e84cb615c8b4eac12575fe006a9759/$FILE/li.defaultcorrelation.pdf
https://twiecki.io/blog/2018/05/03/copulas/
http://www.columbia.edu/~mh2078/QRM/Copulas.pdf
https://arxiv.org/pdf/0809.3437.pdf
http://www.ressources-actuarielles.net/EXT/ISFA/1226.nsf/9c8e3fd4d8874d60c1257052003eced6/34e84cb615c8b4eac12575fe006a9759/$FILE/li.defaultcorrelation.pdf

